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Abstract

The paper considers grid computing systems in which the resource management systems (RMS) can divide service tasks into subtasks

and send the subtasks to different resources for parallel execution. In order to provide desired level of service reliability the RMS can

assign the same subtasks to several independent resources for parallel execution.

The service reliability and performance indices are introduced and a fast numerical algorithm for their evaluation for arbitrary subtask

distribution in grid with star architecture is presented. This algorithm is based on the universal generating function technique.

Illustrative examples are presented.

r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Grid computing [1] is a newly developed technology for
complex systems with large-scale resource sharing, wide-
area communication, and multi-institutional collaboration
etc., see e.g. [2–6]. Many experts believe that the grid
technologies will offer a second chance to fulfill the
promises of the Internet.

The real and specific problem that underlies the grid
concept is coordinated resource sharing and problem
solving in dynamic, multi-institutional virtual organiza-
tions [4]. The sharing that we are concerned with is not
primarily file exchange but rather direct access to
computers, software, data, and other resources. This is
required by a range of collaborative problem-solving and
resource-brokering strategies emerging in industry, science,
and engineering. This sharing is controlled by the resource
management system (RMS), see e.g. [7,8], with resource
providers and consumers defining what is shared, who is
allowed to share, and the conditions under which the
sharing occurs.
atter r 2005 Elsevier Ltd. All rights reserved.
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Recently appeared Open Grid Services Architecture [5]
enables the integration of services and resources across
distributed, heterogeneous, dynamic virtual organizations,
and also provides users a platform to easily request grid
services. A grid service is desired to execute a certain task
under the control of the RMS. When the RMS receives a
service request from a user, the task can be divided into a
set of subtasks that are executed in parallel. The RMS
assigns those subtasks to available resources for execution.
After the resources finish the assigned jobs, they return the
results back to the RMS and then the RMS integrates the
received results into entire task output which is requested
by the user.
The above grid service process can be approximated by a

structure with star topology, as depicted by Fig. 1, where
the center is the RMS directly connected with the resources
through respective communication channels.
The performance of grid computing is of great concern

[9]. Usually the measure of grid performance is the task
execution time (service time). This index can be significantly
improved by using the RMS that divides a task into a set of
subtasks which can be executed in parallel by multiple online
resources. Many complicated and time-consuming tasks that
could not be implemented before are currently working well
under the grid computing environment, for instance, the

www.elsevier.com/locate/ress
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Nomenclature

RMS resource management system
pmf probability mass function
u-function moment generating function
1(x) unity function: 1(TRUE) ¼ 1, 1(FALSE) ¼ 0
Pr(e) probability of event e

aj amount of data transmitted between the RMS
and the resource processing subtask j

C computational complexity of the entire task
cj computational complexity subtask j

m number of subtasks
pkj probability that subtask j is correctly completed

by resource k

qkj probability that communication between the
RMS end resource k that processes subtask j is
correctly completed

R(y�) probability that service time is less than y�

sk data transmission speed of communication
channel k

Tkj random time of subtask j processing by
resource k

u(z) u-functions representing distributions of dis-
crete random variables

W conditional expected system execution time
xk processing speed of resource k

lk failure rate of resource k

pk failure rate of communication channel k

yj;oj
random time of subtask j completion by
resources belonging to set oj

Y random time of task execution by the system
(service time)

y� maximum allowed service time
tkj random communication time between RMS

end resource k that processes subtask j

O set of available resources
oj set of resources processing subtask j
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Human Proteome Folding Project (http://www.grid.org/
projects/hpf/), earthquake simulation (http://it.nees.org/),
and climate modeling (https://www.earthsystemgrid.org/),
etc.

However, there is no model to analyze the grid service
performance because the grid computing system by its
nature is too large, complicated and dynamic to be
tractable in modeling and analysis.

It is commonly accepted that the service time in the grid
is a random variable [10,11]). Finding the distribution of
this variable is important for evaluating the grid perfor-
mance and improving the RMS functioning [12]. This
paper presents a novel model and algorithm that can
efficiently obtain the distribution of service time under the
grid computing.

The service time is a random variable affected by many
factors. First, there are many resources available online,
that have different task processing speeds. Thus, the task
Resource

RMS

Resource

Resource

Resource

Resource

Request for service

Fig. 1. Grid system with star architecture.
execution time can vary depending on which resource is
assigned to execute the task/subtasks. Second, some
resources can fail when running the jobs, so the execution
time is also affected by the resource reliability. Similarly,
the communication links in grid service can fail during the
data transmission. Thus, the communication reliability
influences the service time as well as data transmission
speed in the communication channels.
The above factors are considered in our grid perfor-

mance model. Since some of these factors are based on the
grid service reliability, it is necessary to study the reliability
model as the foundation for the grid performance analysis.
Some initial studies have been done in exploring the grid
service reliability. Dai et al. [13] studied the service
reliability for a wide-area distributed system that is one
of the ancestors of the grid system. The function of control
center in that model is similar to that of RMS for the grid
computing. However, the reliability model of the sub-
distributed systems inherits the approach used in the
traditional models, see e.g. [14–17], etc. and has certain
limitations. Those traditional models are based on a
common assumption that the operational state probabil-
ities of the nodes and links are constant. However, this
assumption is unrealistic for the grid, so Dai et al. [18]
relaxed this assumption by assuming that the failures of
nodes and links follow Poisson processes so that their
operational state probabilities are decreasing functions of
their operation time. This paper adopts the same assump-
tion to model the service reliability.
Most of the previous researchers separated performance

and reliability into two different fields and studied them
individually. However in fact, performance and reliability
are closely related and affect each other, in particular when
the grid computing is implemented. For example, when a
task is fully parallelized into n subtasks executed by n

http://www.grid.org/projects/hpf/
http://www.grid.org/projects/hpf/
http://it.nees.org/
https://www.earthsystemgrid.org/
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resources simultaneously, the performance is high but the
reliability can be low because failure of any resource makes
the entire task incomplete. This causes the task restart,
which inversely increases its execution time (i.e. reduces its
performance). Therefore, it is worth having some redun-
dant resources to execute same subtask especially for those
failure-prone resources. However, too many redundancies,
even though improving the reliability, can decrease the
performance by not fully parallelizing the task. Thus
performance and reliability should be studied together in
the grid service analysis.

Optimizing the division of service task into subtasks and
distribution of these subtasks among available grid
resources can considerably improve the service perfor-
mance. Solving these optimization problems is impossible
without developing a fast algorithm for evaluating the
service performance and availability for arbitrary task
division and subtask allocation solutions.

This paper presents the model for evaluating perfor-
mance (service time) of grid with star topology taking the
service reliability into account. According to the model, the
paper obtains the random service time distribution and
performance/reliability measures derived from this distri-
bution (performability and expected execution time).
Section 2 presents the grid service performance model as
well as a reliability model. Section 3 describes an algorithm
to efficiently obtain the pmf for service time by using
universal generating function technique. Section 4 provides
illustrative examples.

2. The model

2.1. Assumptions
1.
 Different resources are distributed in the grid system.
The considered service uses a given set of resources.
2.
 The request for service (task execution) arrives to the
RMS which can divide the task into subtasks and
assign them to different resources for processing.
3.
 The total computational complexity of the entire task
(number of operation) is equal to the sum of
computational complexities of its subtasks.
4.
 Each resource is able to process any single subtask
when it is available.
5.
 Each resource starts execution of the assigned subtask
immediately after it gets the subtask data from the
RMS through communication channels.
6.
 Each resource has a given constant processing speed
when it is available.
7.
 Each resource has a given constant failure rate.

8.
 Each resource is directly connected to the RMS by single

communication channel, which forms the star topology.

9.
 Each communication channel has constant failure rate.
10.
 Each communication channel has constant data
transmission speed (bandwidth) when it is available.
11.
 The subtask processing time is proportional to its
computational complexity.
12.
 The data transmission time is proportional to the
amount of transmitted data.
13.
 If resource failure occurs during subtask processing or
channel failure occurs during data transmission be-
tween the resource and the RMS, the subtask fails
(cannot be completed).
14.
 The task is completed when all of the subtasks are
completed and their results are returned to the RMS
from the resources.
15.
 If subtask is processed by several resources, it is
completed when first result is returned to the RMS.
16.
 The failures at different resources and communication
channels are independent.
17.
 The RMS if fully reliable and the time of task
processing by the RMS (division into subtasks, send-
ing the subtasks to the resources, receiving the results
and integrating them into entire task output) is
negligible when compared with subtasks’ processing
time.
The above assumptions are general for the Grid service
modeling. Most grid services can be represented by this
model. For example, the Human Proteome Folding Project
(http://www.grid.org/projects/hpf/) requires services that
classify groups of proteomes into different categories. The
RMS divides the task into small subtasks and each subtask
is processed by a grid node/resource (PC) to classify some
proteome based on a huge database by looking up the
Gene Sequence dictionary. The classification service task
succeeds when a set of resources/nodes covers the
requested group of proteomes.
In this model, we consider the resource reliability as a

factor that affects the service performance. Since the grid
resources are highly heterogeneous, the order of magnitude
for their reliability can vary in a wide range.
The assumption that the RMS does not fail during the

grid service execution is reasonable because the RMS
(based on multiple servers) usually has a very high
reliability and service times are relatively short. In general,
imperfect RMS can also be easily modeled as an element
connected in series with the grid.

2.2. Service time distribution

According to the assumptions the entire task is divided
into m subtasks such that

Xm

j¼1

cj ¼ C, (1)

where C is the computational complexity of the entire task
and cj is the computational complexity of subtask j.
When subtask j is assigned to resource k the subtask

processing time is a random variable that can take two
possible values:

Tkj ¼
cj

xk

(2)

http://www.grid.org/projects/hpf/
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if the resource does not fail during the subtask execution
and Tkj ¼ 1 otherwise. For constant failure rate the
probability that resource k does not fail during processing
of subtask j can be obtained as

pkj ¼ e�lkðcj=xkÞ. (3)

These gives the distribution of the random subtask
processing time: PrðTkj ¼ cj=xkÞ ¼ pkj and PrðTkj ¼ 1Þ ¼

1� pkj.
The amount of data aj should be transmitted between the

RMS and resource k that processes subtask j (input data
from the RMS to the resource and output data from the
resource to the RMS). Therefore the time of communica-
tion between RMS end resource k that processes subtask j

can take two values:

tkj ¼
aj

sk

(4)

if communication channel k does not fail during the subtask
execution and tkj ¼ 1 otherwise. For constant failure rate
the probability that communication channel k does not fail
during processing of subtask j can be obtained as

qkj ¼ e�pkðaj=skÞ. (5)

This gives the distribution of the random subtask proces-
sing time: Prðtkj ¼ aj=skÞ ¼ qkj and Prðtkj ¼1Þ ¼ 1� qkj.

Since the subtask is completed when its output reaches
the RMS, the random total completion time yj;fkg for
subtask j assigned to resource k is equal to Tkj þ tkj. It can
be easily seen that the distribution of this time is

Pr yj;fkg ¼
cj

xk

þ
aj

sk

� �� �
¼ pkjqkj

and

Prðyj;fkg ¼ 1Þ ¼ 1� pkjqkj. ð6Þ

Assume that each subtask j is assigned to resources
composing set oj such that [m

j¼1oj ¼ O, oi \ oj ¼+ for
any i 6¼j. In this case the random time of subtask j

completion is

yj;oj
¼ min

k2oj

ðyj;fkgÞ. (7)

The entire task is completed when all of the subtasks
(including the slowest one) are completed. Therefore the
random task execution time takes the form:

Y ¼ max
1pjpm

yj;oj
¼ max

1pjpm
½min
k2oj

ðyj;fkgÞ�. (8)

Having the distributions of random times Tkj and tkj one
can obtain the distribution of the entire task execution time
Y (probability mass function of discrete variable Y) in the
form of pairs ðYi;QiÞ, 0pipI where Yi is ith realization of
Y, Qi ¼ PrðY ¼ YiÞ and I is total number of different
realizations of Y.

Since the task execution time (service time) Y can take
different values, the service should be considered as a
multi-state system [19] with performance depending on
combination of states of its elements (different combina-
tions of available and failed resources and communica-
tional channels correspond to different values of service
time).

2.3. Service reliability and expected performance

In order to estimate both the service reliability and its
performance, different measures can be used depending on
the application. In applications where the execution time of
each task (service time) is of critical importance, the system
reliability Rðy�Þ is defined (according to performability
concept in [20,21]) as a probability that the correct out-
put is produced in time less than y�. This index can be
obtained as

Rðy�Þ ¼
XI

i¼1

Qi � 1ðYioy�Þ. (9)

In applications where the average service performance
(the number of executed tasks over a fixed time) is of
interest [22], the service reliability is defined as the
probability that it produces correct outputs without respect
to the service time. This index can be referred to as R(N).
The conditional expected service time W is considered to be
a measure of its performance.
This index determines the expected service time given

that the service does not fail. It can be obtained as

W ¼
XI

i¼1

YiQi=Rð1Þ. (10)

The following section presents an algorithm for deter-
mining the pmf of the service time Y.

3. Algorithms for determining the pmf of the service time

The procedure used in this paper for the evaluation of
service time distribution is based on the universal generat-
ing function (u-function) technique, which was introduced
in [23] and which proved to be very effective for the
reliability evaluation of different types of multi-state
systems [24]. The main advantage of this technique is its
high computational efficiency that allows it to be used in
optimization procedures where large number of different
solutions should be estimated [25].
The u-function representing the pmf of a discrete

random variable Y is defined as a polynomial

uðzÞ ¼
XK

k¼1

akzyk , (11)

where the variable Y has K possible values and ak is the
probability that Y is equal to yk.
To obtain the u-function representing the pmf of a

function of two independent random variables j(Yi, Yj),
composition operators are introduced. These operators
determine the u-function for j(Yi, Yj) using simple
algebraic operations on the individual u-functions of the
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Table 1

Reliability pkj qkj of grid system resources

No of resource k No of subtask j

1 2

1 0.7 —

2 0.8 —

3 — 0.6

4 — 0.9
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variables. All of the composition operators take the form

UðzÞ ¼ uiðzÞ�
j

ujðzÞ ¼
XKi

k¼1

aikzyik �
j

XKj

h¼1

ajhzyjh

¼
XKi

k¼1

XKj

h¼1

aikajhzjðyik ; yjhÞ. ð12Þ

The u-function U(z) represents all of the possible
mutually exclusive combinations of realizations of the
variables by relating the probabilities of each combination
to the value of function j(Yi, Yj) for this combination. For
example for functions min(Yi, Yj) and max(Yi, Yj) operator
(12) takes the form

uiðzÞ �
min

ujðzÞ ¼
XKi

k¼1

XKj

h¼1

aikajhzminðyik ; yjhÞ (13)

and

uiðzÞ �
max

ujðzÞ ¼
XKi

k¼1

XKj

h¼1

aikajhzmaxðyik ; yjhÞ, (14)

respectively.
In the case of grid system, the u-function uj;fkgðzÞ can

define pmf of total completion time yj;fkg for subtask j

assigned to resource k. According to (6) this u-function
takes the form

uk;fjgðzÞ ¼ pkjqkjz
ðcj=xkþaj=skÞ þ ð1� pkjqkjÞz

1, (15)

where pkj and qkj are determined according to Eqs. (3) and
(5) respectively.

The total completion time of subtask j assigned to a pair
of resources k and h is equal to the minimum of completion
times for different resources according to (7). To obtain the
u-function representing the pmf of this time, composition
operator with j(Yi, Yj) ¼ min(Yi, Yj) should be used:

uj;fk;hgðzÞ ¼ uj;fkgðzÞ �
min

uj;fhgðzÞ

¼ pkjqkjphjqhjz
minfððcj=xkÞþðaj=skÞÞ;ððcj=xhÞþðaj=shÞÞg

þ ð1� pkjqkjÞphjqhjz
ððcj=xhÞþðaj=shÞÞ

þ ð1� phjqhjÞpkjqkjz
ððcj=xkþðaj=skÞÞ

þ ð1� pkjqkjÞð1� phjqhjÞz
1. ð16Þ

The u-function representing the pmf of completion time
yj;oj

of subtask j assigned to all of the resources from set
oj ¼ {k1,y,kn} can be obtained recursively:

uj;fk1;k2gðzÞ ¼ uj;fk1gðzÞ �
min

uj;fk2gðzÞ,

uj;fk1;k2;k3gðzÞ ¼ uj;fk1;k2gðzÞ �
min

uj;fk3gðzÞ,

. . . ,

uj;oj
ðzÞ ¼ uj;fk1;...;kngðzÞ ¼ uj;fk1;...;kn�1gðzÞ �

min
uj;fkngðzÞ. ð17Þ

Having the u-functions uj;oj
ðzÞ for each subtask j

(1pjpm) one can obtain the u-function representing the
pmf of the entire task completion time Y using composi-
tion operator �max according to Eq. (8).

U1ðzÞ ¼ u1;o1
,

U2ðzÞ ¼ U1ðzÞ �
max

u2;o2
ðzÞ,

. . . ,

UmðzÞ ¼ Um�1ðzÞ �
max

um;om
ðzÞ. ð18Þ

The final u-function Um(z) represents the pmf of random
task completion time Y in the form

UmðzÞ ¼
XI

i¼1

Qiz
Yi . (19)

The service reliability and performance can be obtained
from this pmf using Eq. (9) and (10).
4. Illustrative examples

4.1. Analytical example

Consider a grid service that uses four resources. Assume
that the RMS divides the service task into two subtasks.
The first subtask is assigned to resources 1 and 2, the
second subtask is assigned to resources 3 and 4. The
reliability of the resources (including communication
channels) and assigned subtask completion times for
available resources are presented in Tables 1 and 2.
In order to determine the completion time distribution

for both subtasks, define the u-functions uj,{k}(z):

u1;f1gðzÞ ¼ 0:7z5 þ 0:3z1; u1;f2gðzÞ ¼ 0:8z8þ 0:2z1

for subtask 1 and

u2;f3gðzÞ ¼ 0:6z10 þ 0:4z1; u2;f4gðzÞ ¼ 0:9z6 þ 0:1z1.

The u-functions representing the pmf of completion
times yj;oj

are obtained as follows:

u1;o1
ðzÞ ¼ u1;f1;2gðzÞ ¼ u1;f1gðzÞ �

min
u1;f2gðzÞ

¼ ð0:7z5 þ 0:3z1Þ �
min
ð0:8z8 þ 0:2z1Þ

¼ 0:7z5 þ 0:24z8 þ 0:06z1.
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Table 2

Subtask completion times yj;fkg

No of resource k No of subtask j

1 2

1 5 —

2 8 —

3 — 10

4 — 6

Table 3

Parameters of grid resources and communication channels

No of

resource

(channel) j

lj (s
�1) sj (megaopera-

tions/s)

pj (s
�1) sj (megabytes/s)

1 0.0006 10 0.002 3

2 0.0010 12 0.003 5

3 0.0010 15 0.002 3

4 0.0015 15 0.001 7

5 0.0010 20 0.003 4

6 0.0015 20 0.002 7

Table 4

Service performance indices for different subtask distributions

Subtask distribution Ymin Ymax R(N) W

A 342.86 700.00 0.9923 374.46

B 187.50 350.00 0.9670 214.03

C 250.00 350.00 0.9671 261.39

D 186.67 233.33 0.9072 194.80

E 147.62 233.33 0.9079 168.02
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u2;o2
ðzÞ ¼ u2;f3;4gðzÞ ¼ u2;f3gðzÞ �

min
u2;f4gðzÞ

¼ ð0:6z10 þ 0:4z1Þ �
min
ð0:9z6 þ 0:1z1Þ

¼ 0:9z6 þ 0:06z10 þ 0:04z1.

The u-function representing the pmf of entire task
completion time Y is obtained as follows:

UðzÞ ¼ u1;o1
ðzÞ �

max
u2;o2
ðzÞ ¼ ð0:7z5 þ 0:24z8 þ 0:06z1Þ

�
max
ð0:9z6 þ 0:06z10 þ 0:04z1Þ

¼ 0:63z6 þ 0:216z8 þ 0:0564z10 þ 0:0976z1.

This u-function represents the pmf of Y:

PrðY ¼ 6Þ ¼ 0:63; PrðY ¼ 8Þ ¼ 0:216,

PrðY ¼ 10Þ ¼ 0:0564; PrðY ¼ 1Þ ¼ 0:0976.

From the obtained pmf we can calculate the service
reliability using Eq. (9):

Rðy�Þ ¼ 0:63 for 6oy�p8,

Rðy�Þ ¼ 0:846 for 8oy�p10; Rð1Þ ¼ 0:9024

and the conditional expected service time according to
Eq. (10):

W ¼ ð0:63 � 6þ 0:216 � 8þ 0:0564 � 10Þ=0:9024 ¼ 6:729.

4.2. Numerical example

Consider a grid service that uses six resources distributed
in the grid system. The entire service task has complexity
C ¼ 6000 (mega operations). The parameters of the
resources and communication channels are presented in
Table 3. The transmitted data amount corresponding to
each subtask is proportional to the computational com-
plexity of this subtask: aj ¼ 0.05cj.

Five different cases of subtask distributions have been
analyzed.

In case A the task is not divided into subtasks and entire
task is sent for parallel processing to each one of six
resources. In this case m ¼ 1 and o1 ¼ {1,2,3,4,5,6}.

In cases B and C the task is divided into two subtasks
(m ¼ 2) with equal complexity c1 ¼ c2 ¼ 3000. The subtask
distribution is o1 ¼ {1,3,5}, o2 ¼ {2,4,6} in case B and is
o1 ¼ {1,2,3}, o2 ¼ {4,5,6} in case C.
In cases D and E the task is divided into three subtasks
(m ¼ 3) with equal complexity c1 ¼ c2 ¼ c2 ¼ c3 ¼ 2000.
The subtask distribution is o1 ¼ {1,2}, o2 ¼ {3,4},
o3 ¼ {5,6} in case D and is o1 ¼ {1,4}, o2 ¼ {2,5},
o3 ¼ {3,6} in case E.
Table 4 contains service performance indices obtained

for different cases by numerical procedure based on the
algorithm described in previous sections. For each case the
minimal and maximal realizations of random service time
Y, the reliability that service succeeds (without respect to
service time) R(N) and the conditional expected service
time W are presented. The service reliabilities as functions
of maximal allowable service time Rðy�Þ are presented in
Fig. 2.
It can be observed that the division of the major task

into subtasks executed in parallel by different resources
reduces the service time by the price of reducing the service
reliability. For the same number of subtasks the distribu-
tion of subtasks among different resources affects both the
service reliability and its expected execution time.

5. Conclusions and further research

Grid technology is a newly developed method for large-
scale distributed system. This technology allows effective
distribution of computational tasks among different
resources presented in the grid. The resource management
system (RMS) can divide service task into subtasks and
send the subtasks to different resources for parallel
execution. In order to provide desired level of service
reliability the RMS can assign the same subtasks to several
independent resources.
In order to evaluate the quality of service its reliability

and performance indices should be defined. This paper
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Fig. 2. System reliability functions Rðy�Þ for cases A–E.
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introduces the indices: service reliability (probability that
the service task is accomplished within a specified time) and
conditional expected system time and presents the numer-
ical algorithm for their evaluation for arbitrary subtask
distribution in a given grid with star architecture.

It is shown that a trade-off exists between service
reliability and its expected time. It is also shown that for
any given number of subtasks the reliability and perfor-
mance indices depend on subtask distribution among
resources.

The algorithm can be used by the RMS for comparison
of different resource management alternatives and making
decisions aimed at service performance improvement. The
high computational efficiency of the proposed algorithm
allows it to be used in optimization procedures where large
number of different solutions should be estimated.

The following directions of the further research based on
the suggested generic model can be outlined:
�
 incorporating transient failures and precedence con-
straints on the subtask execution into the model;

�
 incorporating the variable processing and communica-

tion speeds and variable failure rates of the grid
elements into the model;

�
 finding the service task division into subtasks and

subtask allocation among different resources that
provide the greatest service performance subject to
reliability and budget constraints.
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